Abstract. Algorithms are developed which can be used to determine the primality of 2 a large integer TV when a sufficient number of prime factors of N +1 are known. A test for the primality of N which makes use of known factors of N -1, N + 1 and 2 N + 1 and the factor bounds on these numbers is also presented.
test for the primality of N which makes use of known factors of N -1, N + 1 and 2 N + 1 and the factor bounds on these numbers is also presented.
In order to develop the necessary theory, the properties of some functions which are a generalization of Lehmer functions are used. Several examples of numbers proved prime by employing these tests are given.
1. Introduction. Some of the most effective methods for determining the primality of a large integer N depend upon the knowledge of factors of N -1 or TV + 1. For an excellent discussion of many of these techniques see Brillhart, Lehmer and Selfridge [1] and Selfridge and Wunderlich [6] . It may, however, occur that we are more easily able to determine more factors of TV2 + 1, than of N2 -1. This number is a special case of N=x2b-x+b (x = 2", b = 41).
For these numbers, N2 + 1 = (x2 + l)(b2x2 -2bx + b2 + 1);
hence, if x2 + 1 can be easily factored, we can find factors of N2 + 1. We also remark here that if fn is the Fibonacci number (a" -|3")/(a -ß) and ln is the Lucas number a" + ß", where a + ß = -aß = 1, then
•^n+l + * ~ Í2n-lf2n + 3' hn + ^ = "jir-1/íll+l > thus, many of the Fibonacci and Lucas numbers are examples of numbers N such that jV2 + 1 may be fairly easily factored. The purpose of this paper is to develop algorithms which can be used to determine the primality of ./V when a sufficient number of prime factors of N2 + 1 are known.
We will also develop a combined test for primality which is an extension of that given in Section 7 of [1] . This test makes use of the knowledge of factors of N -1, N + 1, N2 + 1 and the factor bounds of these numbers in order to determine the primality of N. In order to do this, we review some properties of functions introduced by Williams [7] and then show how these functions may be utilized in the development of the desired primality criteria. Finally, we give some examples of numbers which were proved prime by using these algorithms.
2. The Functions Vm and Um. Let Pi, p2 he the two zeros of x2 -P,x +P2;
and let a,-, p\ (/ = 1, 2) be the zeros of
where PX,P2,Q are integers such that {P,, P2, Q) = 1. Put 5 = p2 -p1 and define
oT,+ßn p, a"2+ß"2 p2
The first few values for these functions are given in the table below.   Since   0  2  1  0  2  -P2 -2Q   3  -P,P2 4 P\ -P\P2 +4P2Q+2Q2 Table 1 0 1 p,
we see that Vn, Un axe integers for any integer « > 0. It should also be noted that vn+m = vHvm -P2unum-çrvn_m, un+m = unvm + vnum +P1unum -0"un_n for any integers «, m.
If TV is any integer and (TV, QP2) = 1, find M, S such that
and put SlMk/2y Using these formulas, we can evaluate Wk (mod A) for any Ar > 0 in 0(log A:) operations (Lehmer [3] ). Since iUk, N) = (Wfc, AO, we see that this technique for evaluating Wk (mod AO may be used in the evaluation of iUk, N).
3. Properties of Um. Several divisibility properties of the functions Un may be deduced from the more general results of [7] . We list here some of the properties that will be needed in later sections of the paper.
We first note that if « and m axe positive integers, then Un\Umn.
We now require a few definitions. Let the function Un he given by parameters Px, P2> Q-F°r each prime p such that ip, 2AEQ) = 1, we associate with Un the functions bip) = iA\p), e(p) = (E\p), rip) = ieip)\p), where the symbol ix\p) is the Legendre symbol, e(p) = P\ +A-16Q + 2Pld and d2 = A (mod p).
We see that the function n(p) is defined only when Of» = +1. We also define the function ^f(p) by putting !ip2-e)/2 when S =-1, ip2 -l)/2 whenô =+l,e = -l, p -r\ when 5 = e = 1,
where S = h(p), e = e(p), i? = i?f». Proof. This follows as a result of Theorems 6.6, 7.1, and 7.2 of [7] .
With this result we easily deduce Theorem 1. Let iN, 2AQE) = 1 and N\ Um. If q is any odd prime divisor of m and NlUm, , then any prime divisor p ofN which does not divide Um/ must satisfy the congruence
where qa II m.
Proof. Let r be an order of apparition of p such that rim. Clearly, since p\Um, such a T must exist. Now p\Um ¡" ; hence, rT«z/c7 and, consequently, <7a It. Since q is odd and r\2^(p), the theorem follows. 4 . Some Criteria for Primality. In this section we develop some results which will "allow us to test an integer N for primality when we know a sufficient number of divisors of Af2 + 1. We let the completely factored part of N2 + 1 be denoted by F4 and the unfactored part by R4;* then N2 + 1 = F4R4 and (F4, R4) = 1.
We select integers D, C such that (DI AO = (C2 -16DI AO = -1, where the sym- If p is any prime such that ip, 2(//2 -K2D)iC2 -16D)D) = 1 and (Dip) = + 1, then eip) = 16(// + Kd)2iC + 4d), where d2 = D (mod p). Hence, for Un given by P,, P2, Q above, we see for any prime p such that ip, 2(//2 -K2D)iC2 -16D)D) = 1,
These are all independent of the values of H, K; and consequently, we see that the value of ^ip) is independent of H and K.
For our fixed values of D and C we now define the functions U)//' (i -1,2,. . .)
•We use the notation F4 and R4 because N + 1 is the fourth cyclotomic polynomial in N. As it will be necessary to refer to the following statements several times, we put F4 = F4/2 and put (a) For each prime q \F4 there exists some H¡, K¡ such that for the function UJf iß) For some H¡, K¡ we have Nlu$+i ™d Vfr+iW*"1'
It should be noted here that, if A7 is not a divisor of uQ >tnen N is composite.
We now describe, by means of the two following theorems, some properties of possible prime divisors of A^ when either (a) or (j3) is true. We first give a theorem which is analogous to a recent theorem of Morrison [4] . Theorem 2. // (a) is true and p is any prime divisor of N, then
Proof. Since ty(p) has a value which depends only on the fixed values of D and C, it follows that, if q is any prime divisor of F4 and (a) is true, then<7"l>l>(p), where qv\\F4;hence,F4\*(p). Theorem 3. // (ß) is true and all possible prime divisors of R4 are greater than B4, then each prime factor p of N must satisfy a congruence of the form Vip) = 0 (mod q), where q is some prime divisor of R4 depending on p.
Proof. Let r = r(p) be an order of apparition of p such that tI(7V2 + 1); then tTF4 and, consequently, (R4, t)> 1. Thus, there must exist a prime q such that q\R4 and qIt. Since r\^ip), the theorem follows.
We are now in a position to give the main result of this section. Theorem 4. // (a) and (j3) are both true, all prime factors of R4 are greater than B4 and B4F4 >N2/3 + 1, then N is a prime.
Proof. If p, is some prime divisor of N, then *Cp,) = 0 (mod«7,F4), where q¡ is a prime divisor of R4.
Suppose N = pxp2p3a and a is any integer such that a> Í. Since ^(p^p2 ± 1, pf ± 1 is even, and F4 is odd, we have p}>qf4-\, Pi>y/B4F4-l, and N>iB4F4-i)3'2.
Thus, if N is composite, it must be the product of two distinct primes p, and p2.
(Since iD\N) = -1,N cannot be a perfect square.) Since iD\p,p2) = (C2 -4D \ptP2) = -1, we have ô(p.) = -Ô(/>2), e(pt) =-e(p2).
Assume p1 to be that prime such that 5(p,) = + 1; then <5(p2) = -1, p\ = e(p2) (mod q2F4) and p\ = 1 (mod q,F4).
If F4 = 2, we have p2 = 1 (mod<7,) and p2 = ±l (mod<72);
hence, pl>2ql-l>2B4-l, p2>y/2B4-l, and N>iB4F4 -if'2.
If F4 > 2, we have N* = Phi --l (mod fa) and Pi -1 (mod ^4);
consequently,
and eip2) = -1. It follows that e(p,) = + 1 and p, = ± 1 (mod q,F4).
Putting this result together with p\=-\ (mod <72F4), we see that N > (B4F4 -l)3'2; thus, A^ cannot be the product of two or more primes and, therefore, must be a prime. If either of the cubic equations = iXlF4-l)ix2F4-i)ix3F4-l).
Thus, if (2) has three integer roots, N2 has at least three factors greater than 1 ; consequently, N is composite. It can also be shown, by similar reasoning, that N is composite if (1) has three integer roots.
Suppose now that neither (1) nor (2) has three integer roots, that (a), (ß) axe both true, that N2 < C, and that N is composite. Then W2 = (e, + AF4)(e2 + lF4)ie3 + mF4),
where le(l = 1, e,e2e3 = -1, k, I, m> B. Putting r = e1e2m + e2e3k + e,e3/, s = e,m7 + e2«iA: + e3lk, t = klm, we have R4 = r + sF4 + tF4. Since F4 \N2 + 1, we may assume without any loss of generality that e, + AF4
is the square of a prime and that e, = -1. Hence, e2mF4 + e3lF4 + mlF2 = 0 (mod 3). It follows that r = X,, s/3 = u,, t/9 = vx, and we see that (1) must have three integer roots.
Case 2. K = 1. In this case we have 3lr, 3Is and t = klm = -y (mod 3).
Also, s = 3+2yr (mod 9), t = 2y + r (mod 9). If p2 i= is 13 -d)/3, we have ls/3-0l>3F4 or ls/3l >3F4-1.
One of kl, Im, km must be greater than 3F4 -1 and
Hence, r/3 = X2, (s/3 -6)/3 = p2, «t + 7)/3 + 7 + 70)/3 = v2, and (2) has the three integer roots e,e2«2, e2e3A:, e1e3l. Since this is impossible, Af cannot be composite. Further, in the case that G = «2F,F2 + rF1 + 1, assume (XF1F2 + rF, + \)^N, Sq < X < m, where 5J, is the Kronecker delta.
IfN< GiB1B2FlF2 + 1), then N is prime.
In this section we will obtain an extension of this theorem which takes into account the factors of N2 + 1 and, to a lesser extent, the factor bound of R4. In order to do this we first give some notation. and p > y/W. Since Af2 = -1 (mod F4) and F4 > 2, we must have at least one prime divisor of Af which is of the first kind.
If Af is the product of three primes, one of them must be of the first kind and since iD\N) = (C2 -16DIA0 = -1, the other two must be of the same kind. Hence, N> miniM3,MM3), which is impossible.
If N is the product of four or more primes, one is of the first kind, and at least two others must be of the same kind; and we have already seen that this is not possible. If N = p,p2 where PX,P2 are distinct primes, we know by the reasoning of Also, very frequently a simple method of factoring like Pollard's method [5] is successful in finding a fairly large factor of A'2 + 1.
Remark 4. In finding a value for m in the theorem, it is not necessary to attempt to divide ¿(1) + tFxF2F4 into A^ for each value of t such that 1 < t <m. Since this number must represent a prime factor of A^, it suffices to divide A^ by it only when it has no prime factor. For many values of t, Z,(l) + tFxF2F4 has a small prime factor; when this occurs no trial division by ¿(1) + tFxF2F4 is required. Remark 5. Frequently, at least one of the cofactors Rx, R2, R4 is a pseudoprime.
Suppose R. is a pseudoprime. Then, if we do not have enough factors of N ± 1 to demonstrate the primality of N, we can attempt to demonstrate the primality of R¡. If we succeed in this, it becomes a fairly easy matter to verify the primality of N. If, on using our theorem, we fail to prove /?. a prime, the corollary allows us to find a bound on the largest prime divisor of R¡. This usually increases the size of B¡ and very often with this increased value for B¡ we are able to demonstrate the primality of N. (The authors are indebted to John Selfridge for this suggestion.)
7. Some Examples. These tests were implemented on a computer and used to determine the primality of some numbers of special forms. In the following three lists we present some of the primes which were discovered using the tests of Theorems 4 and 5. Tables 2, 3 Table 3   83  7  83  13  91  31  91  75  93  85  97  15  97  55  97  111  103  13  103  87  105  13  105  109  107 105 Table 4 This is not enough information to prove this number prime; however, Rx was found to be a pseudoprime. This, however, is still not enough to prove N prime. It was then discovered that R'x is also a pseudoprime. We put N" = R'x = 95039484139540488825968859064437770696328870101 (48 digits).
We find with B'x' = B2' = B4 = 3 x 106, The program verified that any prime divisor of N" must exceed M2, which has the value ¿"(1) +F;'F2"f;= 309165997822073801; thus, we can now increase the size of B'x to 3 x 1017. Using this value for B'x, the program found N' and then N to both be primes.
We also used Pollard's method to attempt to factor /?4 and this produced the additional prime factor 565909422161; this together with the previous factors was enough for the program to determine N" a prime.
At Thus, any prime divisor of N' must exceed M2 and B2 can now be increased to 4.9 x 1018. With this new value of B2, the program was able to prove N prime.
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